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Abstract. We study the decomposition of the Riemannian curvature R tensor of an 
almost quaternion-Hermitian manifold under the action of its structure group Sp(n)Sp(l). 
Using the minimal connection, we show that most components are determined by the 
intrinsic torsion £ and its covariant derivative V£ and determine relations between the 
decompositions of £ <£> £, V£ and R. We pay particular attention to the behaviour of the 
Ricci curvature and the q-Ricci curvature. 
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1 Introduction 

An object of fundamental importance in Riemannian geometry is the curva- 
ture tensor R. As a (0, 4)-tensor, R satisfies a number of algebraic symmetry 
conditions, including the Bianchi identity The presence of an additional 
geometric structure on the manifold gives rise to a decomposition of the 
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curvature in to components, each satisfying additional symmetry relations. 
Further information on the geometric structure may then imply the vanish- 
ing of some of these components. The most celebrated examples of this come 
from the holonomy classification of Berger [1] where nearly all the possible 
non-trivial reductions of the Riemannian holonomy of an irreducible struc- 
ture give solutions of the Einstein equations, see 

Tricerri & Vanhecke [Tj5] were the first to make a detailed study of the gen- 
eral decompositions for one particular class of geometric structures, namely 
almost Hermitian structures, i.e., manifolds with a metric and compatible 
almost complex structure. The purpose of this paper is to extend these tech- 
niques to almost quaternion-Hermitian manifolds. These are manifolds with 
a Riemannian metric g = (•, •) and local triples of almost complex structures 
J, J, K satisfying the quaternion identities. 

For the almost Hermitian case, the geometry is determined by a [/(re- 
structure. For almost quaternion-Hermitian manifolds the structure group 
is Sp(n)Sp(l). Both groups appear on Berger's list of Riemannian holon- 
omy groups and are of fundamental importance in the study of non-linear 
super symmetric a-models in physics. 

The first step in the study of curvature on these manifolds is to decompose 
the space 3? of (0, 4)-curvature tensors under the action of the structure group. 
It is helpful to do this in two steps. The space H is invariant under the 
larger group GL(n, H) Sp(l) that preserves the space of compatible almost 
complex structures but not the metric. We thus first decompose % under 
the action of GL(n, H) <Sp(l), see $21 and then determine the refinement of 
this decomposition under the action of the smaller group Sp(n) Sp(l), see §D 
This mirrors the approach of Falcitelli et al. [7] in the almost Hermitian case, 
see also [IT] . Note that although GL(n, H) <Sp(l) is the structure group of 
an almost quaternionic structure, the metric has been used to convert the 
curvature tensor from type (1, 3) to type (0, 4) by lowering an index, and so 
the first step does not correspond to decomposition results for curvature of 
almost quaternionic manifolds. 

Given a Riemannian G-structure, there is a distinguished compatible con- 
nection V, the minimal connection, characterised by having the smallest 
torsion pointwise. The torsion of V is called the intrinsic torsion of the G- 
structure is determined by the tensor £ = V — V, where V is the Levi-Civita 
connection of the metric. The vanishing of £ is equivalent to the reduction of 
the holonomy to G. In general, the intrinsic torsion £ splits up in to a number 
of components under the action of G. Vanishing of certain components often 
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correspond to interesting geometric properties, and structures with specific 
torsion are of increasing importance in theoretical physics. 

For G = Sp(n) Sp(l) the intrinsic torsion £ splits in to six components 
[16] ■ These contribute to the curvature tensor R in two different ways; via 
components of £ <8) £ and via components V£. This information determines 
directly all the components of R transverse to the space QX of curvature 
tensors of quaternionic Kahler manifolds, i.e., manifolds where the holonomy 
reduces to Sp(n) Sp(l). Since dim ft = |n 2 (16n 2 — 1) and dimQDC = |(4ra 4 + 
12n 3 + lln 2 + 3n + 6), this means that nearly all components of R are 
determined by £ and its derivative. 

In §H1 we compute the contribution of £ to the components of R and 
display the results in tables. Particular attention is paid to the contribu- 
tions to the Ricci curvature Ric and its quaternionic partner the q-Ricci 
curvature Ric q . For these two tensors, it is only the scalar parts that re- 
main undetermined and we show how even these may found by invoking 
additional information from the curvature of the bundle of compatible local 
almost complex structures. The paper closes with a number of consequences 
for particular types of almost quaternion- Hermitian manifolds. For examples 
of such structures we refer the interested reader to Cabrera & Swann [12], 
where it is also shown how the components of £ may be efficiently computed 
via the exterior algebra. 

Acknowledgements. This work is supported by a grant from the MEC (Spain), 
project MTM2004-2644. Francisco Martin Cabrera thanks IMADA at the 
University of Southern Denmark in Odense for kind hospitality whilst work- 
ing on this project. 

2 Preliminaries 

Let V be an m- dimensional real vector space. The space of Riemannian cur- 
vature tensors ft on V consists of those tensors R of type (0, 4) which satisfies 
the same symmetries as the Riemannian curvature tensor of a Riemannian 
manifold. This is summarised by saying that ft is the kernel of the mapping 

S\A 2 V*) -> A 4 V*, (2.1) 

defined by wedging two-forms together. 

When there is a positive definite inner product <?(-,-) = (•,•), defined 
on V, then V is a representation of the orthogonal group 0(m) and we can 



F. Martin Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 4 



consider the map Ric: IR — > S 2 V*, given by Ric(R)(x,y) = R(x,ei,y,ei), 
where {e\, . . . , e m } is an orthonormal basis for vectors and we use the sum- 
mation convention. This notation and such a convention will be used in the 
sequel. The map Ric is 0(m) -invariant and Ric(i?) is called the Ricci tensor 
associated to R. The scalar curvature scal(i?) of R is the trace of Ric(i?). 

There is a natural extension of the inner product (•, •) to the space of 
p-forms A P V* defined by 

(a,b) = ±a(e h ,...,e ip )b(e h ,...,e ip ). 

On the other hand, we will also consider V equipped with three almost 
complex structures /, J and K satisfying the same identities as the imaginary 
units of quaternion numbers, i.e., I 2 = J 2 = — 1 and K = I J = —JI. In such 
a case m = An, and V is a representation of the subgroup GL(n, H) Sp(l) of 
GL(4n, R) characterised by the fact that it preserves the three-dimensional 
vector space 9 of endomorphisms of V generated by /, J and K. A triple 
I', J' and K' is said to be an adapted basis for 9, if they generate 9, satisfy 
the same identities as the unit imaginary quaternions. One finds that for 
A = I', J', K' we have A = a A I + b A J + c A K with a\ + b\ + c\ = 1. 

Furthermore, we will also consider both situations simultaneously: V 
equipped with an inner product (•, •) and three almost complex structures 
J, J and K satisfying the above mentioned quaternionic identities and the 
compatibility condition with the inner product, (Ax, Ay) = (x,y), for A = 
I,J,K. In this case, we have the three Kahler forms given by u A {x,y) = 
(x, Ay), A — I, J, K, and the four-form f2 defined by 

Q= ^2 w ^ A wa- (2.2) 

A=I,J,K 

The 4n-form Q n can be used to fix an orientation and V is a representation 
of the subgroup Sp(n) Sp(l) of SO(4n) consisting by those elements which 
preserve 9- Alternatively, Sp(n) Sp(l) can be defined as consisting of those 
elements of 0(4n) which preserve fi. 

The following notation will be used in this paper. If b is a (0, s)-tensor, 
we write 



A(i)b(Xi, . . . , Xi, . . . , X s ) = —b(Xi, . . . , AXi, . . . , X s ), 
Ab(X u ...,X S ) = {-l) s b{AX 1 , AX S ), 



F. Martin Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 5 



for A = I,J, K. 

There is an Sp(n) Sp(l)-invariant map Ric q : 51 — > ® 2 V* given by 
mc q (R)(x,y) = R(x,ei,Ay,M)- 

A=I,J,K 

The tensor Ric q (i?) will be called the q-Ricci tensor and the trace scal q (i?) 
of Ric q (i?) will be referred as the q-scalar curvature of R. If we write 

Ric^ = R(x, ei, Ay, AeA, 

it is not hard to prove that 

A(Ric* B ) a = -(Ric^) a , (Ric^> = 0, 

A=I,J,K 

where (Ric^) a is the skew-symmetric part of Ric^. Moreover, for all cyclic 
permutations of I, J, K, we have 

(Ric},ujj) = -(Ric* K ,uj). 

Hence the skew-symmetric part Ric q of the tensor Ric q satisfies the condi- 
tions: 

(i) J2a=i,j,kAR< = -RK, and 

(ii) (Ric q , u A ) = 0, for A — I, J, K, 

which characterises the irreducible Sp(n) Sp(l)-module A 2 ) ES 2 H C A 2 V* of 
skew-symmetric two-forms. Thus Ric q G AqES 2 H. In summary, we have 

Ric q G S 2 V* + A 2 ES 2 H = Rg + A 2 E + S 2 ES 2 H + A 2 ES 2 H and 
Ric G S 2 V* = Rg + A 2 E + S 2 ES 2 H, 

where AqE consists of trace-free symmetric two-forms b such that Ab = b, 
A = I, J, K, and S 2 ES 2 H consists of those such that ^2 A Ab = —b. 

Now, we recall some facts about quaternionic structures in relation with 
representation theory. We will follow the .E-if-formalism used in [16], [17] 
and we refer to [5] for general information on representation theory. Thus, 
E is the fundamental representation of GL(n, H) on C 2n = H n via left mul- 
tiplication by quaternionic matrices, considered in GL(2n, C), and H is the 
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representation of Sp(l) on C 2 = EI given by q.( = (q, for q G Sp(l) and 

(ei. 

An irreducible representation of GL(n, H) is determined by its dominant 
weight (Ai, . . . , A n ), where Aj are integers with Ai ^ A2 ^ • • • ^ A„ ^ 0. This 
representation will be denoted by u Xl, - ,Xr , where r is the largest integer 
such that A r > 0. Likewise, jj* Xl '"' ,Xr will denote the dual representation of 
jjAi,...,A r p am iliar notation is used for some of these modules, when possible. 
For instance, U k = S k E, the kth symmetric power of E, and U 1, "' 1 = A r E, 
where there are r ones in exponent. Likewise, S k E* and A r E* will be the 
respective dual representations. 

On E, there is an invariant complex symplectic form uje and a Hermitian 
inner product given by (x, y)c = Ue{x,v), for all x,y <E E, and being y = jy 
(y I— > y is a quaternionic structure map on = C 2n considered as left complex 
vector space). The mapping i;hi u = ue(-,x) gives us an identification of 
E with its dual E*. In using group representations, this identification works 
only with groups which preserve uj e . For instance, we can not use such 
an identification for GL(n, HQ-representations. If {ei, . . . , e n , Si, . . . , e n } is a 
complex orthonormal basis for E, then uoe — ef A ef — efef — e%ef, where 
we have omitted tensor product signs. The group Sp(n) coincides with the 
subgroup of U(2n) which preserves cue- 

The Sp(l)-module H will be also considered as left complex vector space. 
Regarding H as 4-dimensional real space with the Euclidean metric (•, •) such 
that {l,i,j,k} is an orthonormal basis, the complex symplectic form ooh is 
given by ujh = (l b Aj b + k b Ai b )+i(l b Ak^ Aj b ), where h b is the real one- form 
given by q 1— > (h,q). We also have the identification, q >-> q u = u>h(-, q), of H 
with its dual H* as complex space. On H, we have a quaternionic structure 
map given by h — z\ + z 2 j 1— > h — jq — — z 2 + zij, where zi^z^ € C and z±,z 2 
are their conjugates. On H*, the structure map given by h w = —h u , this is 
based in the identities 

hf>(q) = = UJ H (q,h) = -u H (q,h) = -h u (q). 

From now on, we will take h G H such that (h,h) = 1. Thus {h, h} is a 
basis of the complex vector space H and ujh = h u A h w . Finally, we point 
out that the irreducible representations of Sp(l) are the symmetric powers 
S k H = C k+1 . 

An irreducible representation of Sp(n) is also determined by its dominant 
weight (Ai, . . . , A n ), where Aj are integers with Ai ^ A2 ^ • • • ^ A n ^ 0. This 
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representation will be denoted by V Xl, '" ,Xr , where r is the largest integer 
such that A r > 0. Likewise, familiar notation is also used for some of these 
modules. For instance, V k = S h E, and V" 1 '""' 1 = AqE, where there are r 
ones in exponent and A^E is the Sp(n)-invariant complement to UEA r ~ 2 E in 
A r E. Also K will denote the module V 21 , which arises in the decomposition 
E <g> A^E = A^E + K + E, where + denotes direct sum. 

Remark 2.1. Regarding complex and real representations: suppose V is a 
complex G-module equipped with a real structure, where G is a Lie group. 
Most of the time in this paper, V will also denote the real G-module which is 
the (+l)-eigenspace of the structure map. The context should tell us which 
space are referring to. However, if there is risk of confusion or when we 
feel that a clearer exposition is needed, we will denote the second mentioned 
space by [V] . 

Returning to our real vector space V with the three almost complex struc- 
tures /, J and K satisfying the quaternionic identities, we can consider V as 
complex vector space by saying (A + ifi)x = Xx + /xlx, for all A + i\x G C and 
x G V. Since 2n is the dimension of such a complex vector space, we will also 
write E when we are referring to V as complex vector space. The dual vector 
space E* of E consists of complex one-forms = a + Ha, for a G V*, and 
has ia<c = — (Ia)c- Because of the triple J, J and K we can consider E and 
E* as two complex GL(n, HQ-representations endowed with their respective 
quaternionic structure maps defined by x i— > x = Jx and a<£ \— > ac = — (Ja)c- 

The actions of GL(n, M) Sp(l) on the real vector spaces V and V* gives 
rise to GL(n, M) Sp(l)-isomorphisms which identify V ® R C = E ® c H and 
V* ®k C = E* <g>c H* . In fact, such isomorphisms are defined respectively by 
x ®r z i — x ®c zh + Jx ®c zh and a ®r z h- > ac ®c zh w + {Ja)c ®c zh^, where 
we have fixed h G H such that (h, h) — 1. 

There are real structure maps defined on E ®c H and E* (g> c H* which 
are given by x ®c q ^ Jx ®c Q an d a c ® c g w i— > (Ja)c ®c 5^? respectively. 
Such structure maps correspond to x ®r zhj <g) R ^ and a Cg>R zna ®k z 
respectively defined on V ®r C and V* ®r C. Thus, for the corresponding 
(+l)-eigenspaces, we have [EH] = V ® R R = V and [E*H*\ = V* ®r K. = V*. 

For considering elements of the tensorial algebra of [E*H*] = V*, we need 
to compute the restrictions of a c /i w , a c /i w , a^ft 1 and ac/i w to [Si?] = V. 
Thus, for all x G V, we have x <g> h + Jx <g> h which is the corresponding 
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element in [EH] and obtain 



a c ® ^(x ® h + Jx ® h) = {Ja - iKa)(x), 
ac®h! j3 {x ®h + Jx®h) = (-Ja - iKa)(x), 
ac ® h w (x ® h + Jx ® h) = (a + ila){x), 
a^®h Li) (x®h + Jx®h) = (a — ila)(x). 



(2.3) 



3 Quaternionic decomposition of curvature 

The space of Riemannian curvature tensors 3? is the kernel of the map (12. ip , 
which is GL(n, HI) Sp(l)-equivariant, so is also a GL(n, H) Sp(l)-module. 
Our purpose here is to show the GL(n, H) Sp( l)-decomposition of into 
irreducible components. 

On the one hand, the space A 2 V* of skew-symmetric two-forms has the 
following decomposition into irreducible GL(n, H) Sp(l)-modules, 



where the real module S 2 E* is characterised as consisting of those b G A 2 V* 
such that Ab = b, for A = I, J, K, and the skew-symmetric two-forms b 6 
A 2 E*S 2 H are such that T. A =i,j,K Ah = ~ h - 
Now, from (13.11) it follows 



S 2 (A 2 V*) = S 2 (S 2 E*) + S 2 (A 2 E*S 2 H) + S 2 E*A 2 E*S 2 H 
= S 2 {S 2 E*) + S 2 {A 2 E*){S 4 H + E) 
+ A 2 {A 2 E*)S 2 H + S 2 E*A 2 E*S 2 H, 

where we have taken S 2 (S 2 H) = S 4 H + R and A 2 (S 2 H) = S 2 H into account. 
Since S 2 (S 2 E*) = S A E* + U* 22 , S 2 (A 2 E*) = A A E* + U* 22 , A 2 (A 2 E*) = U* 2U 
and S 2 EA 2 E* = U* 2U + U* 3 \ we obtain 

S\A 2 V*) = S*E* + 2U* 22 + A 4 E* + (U* 31 + 2U* 2U )S 2 H 



On the other hand, for the skew symmetric four-forms on V, we obtain 



A 2 V* = S 2 E* + A 2 E*S 2 H, 



(3.1) 



+ (A 4 E* + U* 22 )S 4 H. 



A 4 V* = A 4 E*S 4 H + U* 2U S 2 H + U 



*22 
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Because there are non- vanishing values of the map (12.11) on each one of these 
three summands, we conclude that 

ft = S 4 E* + U* 22 + A 4 E* + {U* 31 + U* 211 )S 2 H + U* 22 S 4 H. (3.2) 

In order to give explicit descriptions for these modules, we will consider 
some GL(n, H) Sp(l)-endomorphisms on ft. The first one L is given by 

L{R)= A (i) A U) R > ( 3 - 3 ) 

A=I,J,K 

for all R G ft. Regarding L, we have the following results. 

Proposition 3.1. The map L is GL(n,M) Sp(l)-equivariant and 

(i) S 4 E* + U* 22 + k A E* consists of R G ft such that L(R) = QR; 

(ii) (U* 31 + U* 2ll )S 2 H consists of R G ft such that L(R) = 2R; 

(iii) U* 22 S A H consists of R G ft such that L(R) = -QR. 

Proof. If we use another adapted basis I', J' and K' for 9 in equation (13. 3p . 
it is straightforward to check that we will obtain the same map L. Hence L 
is a GL(n, H) Sp(l)-map. 

For (jm]), we first show that we have the following decomposition of S 2 H<g> 
S 2 H into <Sp(l)-irreducible modules 

S 2 H <g> S 2 # = S 2 (£ 2 F) + A 2 (S 2 #) = S 4 # + Rc^h ®w ff + S 2 H, 

where we have taken S 2 (S 2 H) = S 4 H + Mc^ <g> and A 2 (S 2 H) = S 2 H into 
account. 

Next, we consider (a c b c c c d c )h u h" h" h w G (® 4 £*) ® S^H C ®\E*H), 
where we have omitted tensor product signs. Let $i G [((g^-E^S 14 ?/] C 
® 4 [£*F] be the tensor defined by $i = Re((a c ^)(6 c ^)(c c ^)(d c ^)| A7 ), 
where Re means the real part. Now, using equations (12. 3p . we obtain 

$! = abed — alblcd — albcld — ablcld 

— Ialbcd — Iablcd — Iabcld + Ialblcld. 

From this last expression it is straightforward to check that L(<frj.) = — 6$i. 
Since there are no conditions on a, 6, c and d, part (Jm} follows. 

Part (jlj) follows by similar arguments considering (acbcCcdc)uj H Lj H G 
® 4 £* C ® 4 (E*H). Thus it is obtained $ 2 e [® 4 £] C ® 4 [£*#] defined 
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by $ 2 = Re((acbcCcdc)^H^H\v) , we recall that ujh = h^h? — h^h". After 
using equations (12.31) . one can check that L($ 2 ) = 6$ 2 - 

Finally, for part ©, we recall that (Wh") A (h w h u ) G A 2 (S 2 H) = S 2 H 
and consider 

(acbcccdc)(h u h u h u h u -h u h u h u h u ) G (^E*)S 2 H c ®\E*H), 

then, for $ 3 = Re((aebcccdc)(h u h u h u h u -h w h"h u h w )\ v ), one can check that 
L($ 3 )=2$ 3 . □ 

In order to go further with the descriptions of the GL(n, H) Sp(l ^sub- 
modules of the space of curvature tensors 31, we will need to consider some 
GL(n, H) Sp(l)-maps from A 2 V*®A 2 V* to 31 which are defined for 6, c G A 2 V* 
by: 

cj)(b <g) c ) = 66 c - 6 A c, (3.4) 
$(6®c) = ^ (6(A (1) + A {2) )6 (A (1) + A(2))c (3.5) 
A=/ ' J '^ -(Ai)+A2))&A(A (1) +A (2) ) C ), 

(p(b®c)(x,y,z,u)= Yl {( A (i) ~ A (2))b(x,z)(A (1) ~ A (2) )c(y,u) 

a=i,j,k _ _ A (2) )6(z,u)(A (1) - A (a) )c(y,z) 
+ (Ai) - ^(2))c(x, «)(A(i) - A($)b(y, u) 
- ( A (i) ~ A (2))c(x,u)(A {1) - A {2) )b(y,z)), 

(3.6) 

where we write b © c = 1/2(6 <g> c + c ® 6) and x, y, z,u G V. Note that 
the maps 0, 9? and $ vanish on A 2 (A 2 V*), so we will consider them as maps 
S 2 (A 2 V*) -> 31. 

Other GL(n, H) Sp(l)-maps that we will use are defined from S" 2 "!?* ® S^V* 
to 31. These maps are given for 6, c G S 2 V* by: 

V>(& ® c)(x, y, z, u) = 6(x, z)c(y, u) - 6(x, u)c(y, *) ^ 

+ c(x, z)b(y, u) - c(x, u)b(y, z), 
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tf(&0c) = {G(A (1) -A {2) )b&(A (1) -A {2) )c (3.8) 

A=I ' J ' K -(A {1) -A {2) )bA(A {1) -A {2) )c), 
V(b®c)(x,y,z,u)= J2 ((A(i)+A {2) )b(x,z)(A (1) +A (2) )c(y,u) 

a=i,j,k _ (A {1) +A {2) )b(x,u)(A {1) +A {2) )c(y,z) 
+ (A {1) + A (2) )c(x, z)(A {1) + A {2) )b(y, u) 

- + A {2) )c(x,u)(A {1) + A {2) )b{y, z)), 

(3.9) 

for x,y, z,u G V. Analogously, since ip, and \1/ vanish on A 2 (S' 2 V*), we will 
consider as defined S^S^V*) — > 01. 

Likewise, a fundamental tool that we will use to describe the irreducible 
GL(n,M) Sp(l)-modules of 01 is the GL(n, H) Sp(l)-map L CT : 01 -> ft which 
is defined by 

L CT (i2) = ^ (Al)^(2) + ^(2)^(3)<7 + Al)^(3)^ 2 ( 3 - 10 ) 
A=I,J,K + A (3) A (4 ) + A (1) A (4 )(T + A (2) A (4) (7 2 )il!, 

where a = (123) is the permutation 1 i— > 2 i— > 3 i— > 1 and o~R(x, y, z, u) = 
R(z, x, y, u). As an illustration, y4( 2 )A( 3 )cri?(x, z, u) = R(Az, x, Ay, u). 

Proposition 3.2. For L and L a be as above, we have 

(i) S^E* consists of R e 01 such that L(R) = 6R and L a (R) = 12R; 

(ii) U* 22 consists of R e 01 such that L(R) = 6R and L a (R) = 0; 

(hi) A 4 £* consists of Re 01 such that L(R) = 6R and L a (R) = -12R; 

(iv) U* 31 S 2 H consists of R G 01 such that L(R) = 2R and L a (R) = AR; 

(v) U* 211 S 2 H consists of R G 01 such that L(R) = 2R and L a (R) = -4R; 

(vi) For all R G U* 22 S A H, L(R) = -6R and L a (R) = 0. 

Proof. For (JI|), (Jn|) and (Jm|), we consider b\,c\ G S 2 E* C A 2 V*. Using equa- 
tions (13. 4p and (13.61) . it is straightforward to check 

L CT (40(foi © ci) + ip{h ci)) = 12(40(6! ci) + p(&i ci)), 
L a (40(6i ci) - ¥>(6i ci)) = 0. 

Note that it is always possible to find b\, C\ such that 40(&i©ci)+<£>(&i0ci) ^ 
and 40(6i ci) - c x ) ^ 0. 

Since &i ci G S\S 2 E*) = S 4 E* + U* 22 , with Schur's Lemma in mind, 
then 40(&! d) + <^(&i c x ) G S* 4 ^ and 40(6! ci) - y?(&i c x ) G £/* 22 , or 
40(&i © ci) + y>(6i ci) G f/* 22 and 40(&i Ci) - p(&i Ci) G S 4 £*. 
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On the other hand, for b 2 ,c 2 G A 2 E C S 2 V*, using equations (13.71) 
and (13.81) . it is direct to check 

L a (#(b 2 © c 2 ) + 12^(62 02)) = 0, 
Ax W2 © ca) - 12 ^(&2 © c 2 )) = -12(#(&2 c 2 ) - 12^(6 2 c 2 )). 

Likewise, $(& 2 0c 2 ) + 12^>(& 2 0c 2 ) and $(& 2 0c 2 ) — 12'0(& 2 0c 2 ) are not always 
vanished. 

Since 6 2 © c 2 G S 2 (A 2 £*) = k 4 E* + £/* 22 , we deduce that ${b 2 c 2 ) - 
12^(5 2 ca) G A 4 £* and tf(& 2 c 2 ) + 12^(& 2 c 2 ) G f/* 22 , or ${b 2 c 2 ) - 
12^(& 2 02) G £/* 22 and $(6 2 c 2 ) + 12^(6 2 c 2 ) G A 4 £*. 

Therefore, 

40(&! c x ) + ^ c x ) G S 4 £*, 
mh ci) - cx), $(b 2 © c 2 ) + 12tfj(b 2 c 2 ) G U* 2 \ 
$(b 2 ca) - 12^(& 2 ca) G A 4 £*. 

Thus, taking Proposition 13. II into account, (jTJ), ([11]) and (Jul]) follow. 

For © and flv}, we consider 63 G S 2 E* C A 2 V* and c 3 G A 2 E*S 2 H. Put 
«i = 40(6 3 c 3 ) + (f(b 3 c 3 ) and a 2 = 40(& 3 c 3 ) - 3^(& 3 © c 3 ). Then 
equations (13. 4p and (13.61) give 

L(a>i) = 4«i and L(a 2 ) = — 4a 2 , 

so cti and a 2 belong to different irreducible summands of the space S 2 E 
A 2 E*S 2 H = U* 2U S 2 H + U* 31 S 2 H c S 2 (A 2 V*) that contains b 3 © c 3 . In 
Remark S3] below we will show that a x G U* 211 S 2 H and a 2 G U* 31 S 2 H, 
proving (|Ivj) and (jvj). 

Finally, (jyi|) will proved below, see Remark 14.71 □ 

4 Almost quaternion-Hermitian decomposi- 
tion of curvature 

In $3l using the action of the Lie group GL(n, H) Sp(l) we obtained and de- 
scribed the decomposition of the space of curvature tensors 3? given by equa- 
tion (13. 2ft . In this section we will study the decompositions each one of these 
submodules under the action of the subgroup Sp(n) Sp(l) of GL(n, H) Sp(l). 
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As we have pointed out above, the main difference between Sp(n) and GL(n, H) 
is that Sp(n) preserves the complex symplectic form uj E - Moreover, we have 
an identification E = E* by uj e and, consequently, all tensor modules are 
identified with their corresponding duals. Therefore, we will write 

ft = S A E + U 22 + A A E + [U 31 + U 2ll )S 2 H + U 22 S A H. 

On the other hand, the presence of the metric g = (•, •) allows to work 
with the Ricci and q-Ricci curvature tensors. Now we show the relationships 
of these tensors with the maps L and L a . 

Lemma 4.1. If L and L a are the Sp(n) Sp(l)-maps defined by equations 
(13.31) and (13.101) . respectively, then 

mc(L(R))(X,Y) = 3Ric(X,F) + ^ Ric(AX, AY), 

A=I,J,K 

Ric q (L(R))(X,Y) = 3Ric q (X,F) + ^ Ric q (AX, AY), 

A=I,J,K 

Ric(L a (R))(X,Y) = 3Ric q (X,F) + 3Ric q (F,X) -3Ric(X,F) 

- ^c(AX,AY). 

A=I,J,K 

Proof. It follows by straightforward computation. □ 

Now we will analyse the behaviour of the different GL(n, H) <Sp(l)-sub- 
modules of ft under the action of Sp(n) Sp(l). Since contractions by u E 
on the Sp(n)-module S A E are all zero, S A E is also irreducible as an Sp{n)- 
module. Therefore, S A E = S a E®<C{uj h ®uj h ) is irreducible as an Spin) Sp(l)- 
module. 

To study U 22 , we consider U 22 C S 2 (A 2 E) and the map u 3i : U 22 —> E®E 
given by contraction with uj e on the (3, 4)-indices. One has that u 34: (U 22 ) = 
A 2 E and we write V 22 = keiu 3A . Therefore, U 22 = V 22 + A 2 E + Cuj e ® 
uj e is the decomposition U 22 into Sp(n)-irreducible modules. Then, for U 22 
as submodule of ft and n > 1, we have the following decomposition into 
Spin) Sp(l)-irreducible summands, 

U 22 = V 22 + (A 2 E) a + R a , 

where we have inserted the subscript a to distinguish these modules from 
other copies of A^E and R in ft. When n > 1, the three summands of the 



F. Martin Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 14 



decomposition of U 22 are non-zero. However, if n = 1, from S 2 (S 2 E) = 
S 4 E + U 22 , we have dim£7 22 = 1. Therefore, for n — 1, 



For providing detailed descriptions of these modules, in the next Propo- 
sition we will need to consider 

7Ti(x,y, z,u) = (x,z)(y,u) - (x,u)(y,z), 

7T 2 = 2j (60;^ U>a ~ A Wi)- 

Proposition 4.2. Let °d and %p be the maps respectively defined by equations 
( 1X7D and (EES) , toen 

(i) \/ 22 consists of R E ft suc/i that L(R) = 6R, L a (R) = andRic(i?) = 

0; 

(ii) (Ao^)a conszsfo o/i? = tf(b®g) + 12^(6® #) ; w/iere 6 G A 2 ,^ C 5V 
anc? <? = (-, •) zs t/ie metric. Moreover, Ric(-R) = 48 + 1)6; 

(hi) R a = R(#(g ® g) + 12ip(g <g> g)) = R(n 2 + 6^). Moreover, Ric(n 2 + 
6tti) = 12(271+%. 

(iv) If Re V 22 + (A 2 E) a + R a , then Ric = Ric q e A 2 E + i.e., for 
A = I,J,K, A Ric = Ric. 

Proof. This follows from Propositions 13.11 and 13.21 the considerations in the 
proof of Proposition 13.21 and the facts ip(g ® g) — 2-K\ and d(g <S> g) = 4^. 
Part (ITv|) is a consequence of Proposition I3.2lflrll) and Lemma 14.11 □ 

Now let us consider the module A A E. By contracting with ue, we obtain 
the decomposition into irreducible Sp(n)-modules given by A 4 E = A A E + 
uje A A\E + C(u>e A ue). Thus it follows that the decomposition of A 4 E C 31 
into irreducible Sp(n) Sp(l)-modules is given by 

A A E = AqE + (AlE) b + E 6 . (4.1) 

Note that: 

- if n > 3, then each one of the three summands is non-zero; 

- if n = 3, then A A E = (AlE) b + R b ; 

- if n = 2, then A 4 £ = R b ; and 

- if n = 1, then A 4 £ = {0}. 
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Next we give more details relative to summands in the right side of equa- 
tion fTCTD . 

Proposition 4.3. Let •& and if) be the maps defined respectively by equations 
(137711 and (j375]l . then 

(i) AqE consists of R e 31 such that L(R) = 6R, L a {R) = -12R and 
Ric(.R) = 0; 

(ii) (A 2 E) b consists ofR = ${b® g) -I2ip{b® g) , where b E A 2 E C S 2 V* . 
Moreover, Ric(R) = -48 (n - 2)6; 

(hi) R b = R(ti(g ® g) - I2ip(g <g> g)) = R(n 2 - 6tti). Moreover, Ric(vr 2 - 
67n) = -24(n - 1)<7; 

(iv) If R E A*E + (A 2 E) b + R b , then Ric = - Ric q e A 2 £ + Rg, i.e., for 
A = I , J, K , A Ric = Ric. 

Proof. This follows from Propositions 13.11 and 13.21 considerations contained 
in the proof of Proposition 13.21 and Lemma 14.11 □ 

We have already pointed out that S 2 EA 2 E = U 31 + U 211 . Moreover, 
one can check that U 31 = (S 3 E <g> E) n (S 2 E ® A 2 £) and f/ 211 = (E <g> 
A 3 ^) fl (S 2 E® A 2 E). Therefore, contracting with cu^, one obtains the follow- 
ing decompositions into irreducible Sp(n)-summands U 31 = V 31 + S* 2 i? and 
[/211 = y2ii + S 2 E + A 2 E _ Thug; for the moduleg u^ S 2 H, U 2U S 2 H C % we 

have the following decompositions into irreducible Sp(n) <Sp(l)-modules, 



All of this happens for high dimensions. However for low dimensions some 
particular cases must be pointed out. 

- For U 31 . If n > 1, the two summands V 31 and S 2 E are non-zero. If 
n — 1, then A 2 E = Ru>e and U 31 = S 2 E. Therefore, for n — 1, we have 



- For £/ 211 . If n > 2, the three summands V^ 211 , S^E? and Aq are non-zero. 
If n = 2, then A 3 £ = E Alu e and t/ 211 = S 2 £ + A 2 £. Therefore, for n = 2, 



f/211^ = ^ S 2 ES 2 H ^ + A 2 jB)S 2 jff _ 

If n = 1, then A 3 £ = {0}. Therefore, f/ 211 = {0} and U 211 S 2 H = {0}. 



U 31 S 2 H = V 31 S 2 H + (S 2 ES 2 H) a , 
U 2U S 2 H = V 211 S 2 H + (S 2 ES 2 H) b + A 2 ES 2 H. 



(4.2) 
(4.3) 



U 31 S 2 H = (S 2 ES 2 H) 



we have 
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Remark 4.4. At this point we can complete the proof of parts (Gv|) and (jvj) 
of Proposition E21 In fact, for 6 G S 2 E C A 2 V* and c G A 2 ES 2 H C A 2 V*, it 
is straightforward to check 

Ric q (40(6©c) + y?(6 0c)) = 16e;j6 0eiJC-8 (w^, c)A(i)6, 

J 4=/,j,_f!: 

where j denotes contraction. Thus, we have Ric q (40(6 c) + y?(6 c)) G 
S 2 ES 2 H. 

On the other hand, 

Ric q (40(6 c)- 3<^(6 c)) = -40^6 e^jc + 24eijc e; j6 

-8 ^2 (wA,c)A(i)b, 

A=I,J,K 

which can have non-zero components in both S 2 ES 2 H and h^ES 2 H . Thus 
Ric q (40(6©c)-3y?(60c)) G S 2 ES 2 H + A 2 ES 2 H. All of this, taking equations 
(fl~2D and (1431) into account, implies 40(6 c) + 3y?(6 c)) G U 31 S 2 H and 
40(6 c)- 3y?(6 c) G U 2U S 2 H. 

Now, we show more details for the summands of equations ( 14.21) and ( 14. 3ft . 

Proposition 4.5. Let $ and -0 6e £ne maps defined respectively by equations 
(13T7D and ff3TH|) . tfien 

(i) V 31 ^ consists of R e 31 such that L(R) = 2R, L a (R) = AR and 
Ric(R) = 0; 

(ii) {S 2 ES 2 H) a consists of R = ^{b®g)+Ai){b®g), where b G S 2 ES 2 H C 
S*X>*. Moreover, R\c{R) = 16(n + l)6; 

(hi) V 2ll S 2 H consists of R e 31 such that L(R) = 2R, L a {R) = -4R 
and Ric(i?) = 0; 

(iv) (S 2 ES 2 H) b consists of R = (b®g)- I2ip (60 g) , where 6 G S 2 ES 2 H C 
5V. Moreover, Ric(R) = -48(n - 1)6; 

(v) A^ES 2 H consists of R such that 

R= ( 6 (Ai) + A (2 ))bQu A - (A ( i) + A {2) )br\uj A ), 

A=I,J,K 

where 6 G A 2 ES 2 H C A 2 V* . Moreover, Ric q ( J R) = -16n6; 

(vi) if Re V' il S 2 H + (S 2 ES 2 H) a , then Ric = Ric q G S 2 ES 2 H; 

(vii) if R E V 2U S 2 H + (S 2 ES 2 H) b + A 2 ES 2 H and Ric q denotes ^e sym- 
metric part o/Ric q , t/ien Ric = -3Ric q G S 2 ES 2 H. 
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Proof. For b e S 2 ES 2 H C S 2 V*, it is not hard to check that 

L a ^(b ®g)+ 4^(6 <g> g)) = 4(i?(6 ® (/) + 4^(6 <g> #)), 
L a ($(b ®g)- 12-0(6 ® #)) = -4(0(6 ® #) - 12-0(6 ® g)). 

Now, all parts follow from Propositions 13.11 and 13.21 and Lemma 14.11 □ 

Since we have already shown the Sp(n)-decomposition U 22 = V 22 + A 2 ] E + 
Cue then, for U 22 S 4 H C ft and n > 1, we obtain 

£/ 22 S 4 # = ^ 22 S 4 # + A 2 ES*H + S 4 #. 

For n — 1, as it was above pointed out, ?7 22 = C. Therefore, for n — 1, we 
have 

U 22 S 4 H = S 4 H. 

Proposition 4.6. (i) V 22 S 4 H consists of R G ft sucn #mt = — 6i? 
and, /or A — I, J, K, Ric^(i?) = 0; 
(ii) AqES 4 H consists of R such that 

R= {Qb A QuJ A -b A AuJ A ), (4.4) 

A=I,J,K 

where bi, bj, b K e AlES 2 H C A 2 V* are such that J2a=ijk A(2)b A = 0; 
(hi) S 4 H consists of R such that 

R= (Qb A Qoo A -b A Auj A ) } (4.5) 

A=I,J,K 

where bj,bj,b K e S 2 H C A 2 V* are such that J2 A =i jk A{2)b A = 0. 

Proof. For (jn]), if R is given by equation (14. 4p . it is straightforward to check 
L(R) = —6R. On the other hand, it is not hard to obtain, for A = J, J, K, 

Ric* A = -4(n + l)A {2) b A e S 2 £S 2 # + A 2 ES 2 H. 

Hence Ric q = 0, but the local Ricci tensors Ric^ are not necessarily zero. 

For (jm|), if R is given by equation (14. 5p . where bj = \ n oji+\jiujj+X K juj K . 
It is also straightforward to check L(R) = —6R. In this case, we have 

Ric^ = 4(n + l){X H g + X KI uj - \jiU K ) G % + S 2 H, 

and also Ric q = 0. Since there are curvature tensors in the conditions of @, 
part follows. □ 
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Remark 4.7. Now we will prove that L a (R) = 0, for all R G U* 22 S 4 H. In 
fact, we consider Ri = 6o>/ © ujj — uj A ojj G S 4 H C U* 22 S 4 H. It is direct to 
check L a (Ri) = 0. By Schur's Lemma, the assertion follows. 

Remark 4.8. For a fixed adapted basis /, J, K of S, if -R G AqE'jS' + 5 4 if, then 
is determined by a unique triple 6/, bj, bx- In (Jml) of Proposition 14.61 we 
can write the condition Y1a=i jk^a, ^a) = instead of J2a=i j k ^(2)^a = 0, 
but in such a case more than one triple bi, bj, bx can determine the same 
element of S 4 H. 

In summary, relative to the Sp(n) Sp(l)-decomposition of the space of 
Riemannian curvature tensors ft, we have the following cases: 

- if the dimension of V is strictly greater than 12, n > 3, then 

ft = S 4 E + (R a + (A 2 Q E) a + V 22 ) + (R b + (A 2 E) b + A 4 E) 

+ ((S 2 ES 2 H) a + V 31 S 2 H) + ((S 2 ES 2 H) b + A 2 ES 2 H + V 2U S 2 H) 
+ (S 4 H + A 2 ES 4 H + V 22 S 4 H) ; 

- if the dimension of V is 12, n = 3, then 

ft = S 4 E + (R a + (A 2 E) a + V 22 ) + (R 6 + (A 2 £) 6 ) 

+ ((S 2 ES 2 H) a + V 31 S 2 H) + ((S 2 ES 2 H) b + A 2 ES 2 H + V 2U S 2 H) 
+ (S 4 H + A 2 ES 4 H + V 22 S 4 H) ; 

- if the dimension of V is 8, n = 2, then 

ft = S 4 E + (R a + (A 2 £) a + \/ 22 ) + R 6 

+ ((S 2 ES 2 H) a + V 31 S 2 #) + ((S 2 ES 2 H) b + A 2 ES 2 H) 
+ (S 4 H + A 2 ES 4 H + V 22 S 4 H); 

- and, if the dimension of V is 4, n = 1, then 

ft = S 4 £ + R a + (S 2 ES 2 H) a + S A H. 

5 Intrinsic torsion 

Let G be a subgroup of the linear group GL(m, R). A manifold M is said to 
be equipped with a G-structure, if there is a principal G-subbundle P — > M of 
the principal frame bundle. In this situation, there always exist connections, 
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called G- connections, defined on the subbundle P. Moreover, if (M m ,g = 
(-, •)) is an orientable m-dimensional Riemannian manifold and G is a closed 
and connected subgroup of SO(m), then there exists a unique metric G- 
connection V such that £ x = V x — V x takes its values in g 1 , where q 1 - 
denotes the orthogonal complement in so(m) of the Lie algebra q of G and 
V denotes the Levi-Civita connection [T51 E]- The tensor £ is the intrinsic 
torsion of the G-structure and V is called the minimal G-connection. 

A 4n-dimensional manifold M, n > 1, is said to be almost quaternion- 
Hermitian, if M is equipped with an Sp(n) Sp(l)-structure. This is equiv- 
alent to the presence of a Riemannian metric g = {■,■) and a rank-three 
subbundle 9 of the endomorphism bundle End TM, such that locally 9 has 
an adapted basis I, J, K satisfying I 2 = J 2 = — 1 and K = IJ = —JI, 
and (AX, AY) = (X,Y), for all X, Y e T X M and A = I,J,K. An al- 
most quaternion-Hermitian manifold with a global adapted basis is called 
an almost hyper Hermitian manifold. The manifold is then equipped with an 
Sp(n)-structure. 

On each point p of these manifolds, the tangent space T p M can be iden- 
tified with the vector space V of the previous section. Thus there are three 
local Kahler-forms uja{X,Y) = (X,AY), A = I, J,K. From these one may 
define a global, non-degenerate four-form Q, the fundamental form, by the 
local formula (12.21) . 

In this section, we will recall some information about the intrinsic torsion 
of almost quaternion-Hermitian manifolds. More details may be found in [T2] , 
where it is also explained how to explicitly compute the intrinsic torsion via 
the exterior algebra. 

A connection V is an Sp(n) Sp(l)-connection, if Vf2 = or, equivalently, 
if for any point of the manifold there exists a local adapted basis /, J, K 
of 9 such that 

(V X I)Y = X K (X)JY - Xj(X)KY, 

(VxJ)Y = Xj(X)KY - X K (X)IY, 

(VxK)Y = Xj(X)IY - Xj(X)JY. 

With respect to the Levi-Civita connection one then has formula? such as 

(V X /)Y = X K (X) JY - Xj(X)KY - £ X IY + I&Y. (5.1) 

Proposition 5.1 (Cabrera & Swann [E]). The minimal Sp(n) Sp(l)- con- 
nection is given by V = V + £, where V is the Levi-Civita connection and 
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the intrinsic Sp(n) Sp(l)-torsion £ is defined by 

A=I,J,K A=I,J,K 

for all vectors X, Y , being the one-forms Xj, Xj and Xk defined by cyclically 
permuting I, J, K in the expression 

Xi{X) = —(V x uj,lu k ). 

The next result describes the decomposition of the space T* M ® A 2 ) ES 2 H 
of possible intrinsic torsion tensors into irreducible Sp(n) Sp(l)-modules. 

Proposition 5.2 (Swann [IS]). The intrinsic torsion £ of an almost quaternion- 
Hermitian manifold M of dimension at least 8, has the property 

£ G T*M ® A 2 ES 2 H = (A 3 E + K + E)(S 3 H + H). 

If the dimension of M is at least 12, all the modules of the sum are non-zero. 
For an eight-dimensional manifold M, we have A^ES 3 !! = A^EH = {0}. 
Therefore, for dimM ^ 12 and dimM = 8, we have respectively 2 6 = 64 
and 2 4 = 16 classes of almost quaternion-Hermitian manifolds. Explicit 
conditions characterising these classes can be found in [13]. 
We use this Proposition to decompose £ as 

£ — £33 + £k3 + £#3 + £,3H + £,KH + %EH, 

where £ UF £ U <g> F, for U = AlE, K, E and F = S 3 H, H. The components 
of the intrinsic torsion £ have the following specific symmetry properties and 
characterisations described in [12J. 

(i) £33 is a tensor characterised by the conditions: 

( a ) 52a=i,j,k(&3)aA = -Ea=/,j,k^(£33)a = -£33, 

(b) (•, (£33).-) is a skew-symmetric three-form. 

(ii) £x3 is a tensor characterised by the conditions: 

( a ) I2a=I,J,k(£k3)aA = -J2a=I,J,kA(€k3)A = —£k3, 

(b) &xYz( Y >(tK*)xZ)=0. 
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(iii) £ E3 is given by 

(Y, {Ses)xZ) 

= ± J2 {nA(et A -et)Aou A -(n-l)A(6i-Ot)®cu A )(X,Y,Z), 

A=I,J,K 

where 9^ is the one-form defined by 

^ 2n + l)(n-l)9^X) = -(^e h X) = - £ (A^Ae^X), (5.2) 

A=I,J,K 

and 9 j, 9j, 9^ K are the local one-forms given by 

l(2n + l)(n - 1)9{{X) = -(A^Ae h X). 

Note that 39$ = 0* + 0* + 9^. 

(iv) £,3H is a tensor characterised by the conditions: 

(a) (U)aA - A(£ m ) A - A£ 3H A = £ 3H , for A = I,J, K, 

(b) & x ,yj( Y >(&h)xZ) = 0. 

( v ) £kh is a tensor characterised by the conditions: 

(a) (Uh)aA - A(Uh)a ~ AU H A = £ KH , for A = I,J, K; 

(b) there exists a skew-symmetric three-form ipw such that 

(Y, (Uh)xZ) = (tyW _ £ A m ^)(X,Y,Z); 

A=I,J,K 

(c) E£l(^)e,ei = 0. 

(vi) is given by 

(F, (£ EH )xZ) = 3e, <g> e, A 0«(X, F, Z) 

- ^ ( ei ®A ei AA^ + ^®w A )(I,y,Z), 

where is the global one- form defined by (15.21) . 

(vii) The part &s H = £ 33 + 6a + fca of £ in (Ag£ + AT + E)S 3 H is 
characterised by the condition 

(Zs*h)aA = - a (Zs*h)a = -Zs*h. 

a=i,j,k a=i,j,k 
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(viii) The part £ H = £ 3H + £ KH + £ EH of £ in (A 2 E + K + E)H is char- 
acterised by the condition 

{£ H ) A A - A{£ H ) A - A(£ H )A = £ H , 

for A = I, J, K. 



6 Curvature and intrinsic torsion 

In order to study the contribution of the intrinsic Spin) Sp( l)-torsion to the 
different components of the Riemannian curvature tensor, we consider the 
Sp(n) Sp(l)-map n les : A 2 T*M ® A 2 T*M -> A 2 T*M <g> A 2 ES 2 H defined by 

47Ti es (a) = 3a - ^ A( 3 )A( 4 )a. 

A=r,J,K 

Let a: T*M<g>T*M<g> End T*M -> A 2 T*M®End T*M be the skewing map 
and define b: (T* M ® End T*M)®(T*M® End T*M) -> A 2 T*M® End T*M 
by b(e ® C)x,y^ = £c*^ - £c y ^ . 

Lemma 6.1. For i/ie curvature tensor R e Dl, £/ie intrinsic Sp(n) Sp(l)- 
torsion £ and 7/ = cfAj + Aj A we /jai>e 

7r lea (i2)(X,Y,Z, CO 

= i 7A®UA(X,Y,Z,U) + (a.(y0x,YZ,U) 

A=I,J,K 

- §<a(£ o Z) XfY Z, U) - \ (AS^°Ox,yAZ,U) 

A=I,J,K 

+ (b(Z®Z)x,YZ,U). 

Proof. Since R(X, Y, IZ, IU)-R(X, Y, Z, U) = -(R x>Y 0Ji)(Z, IU), using the 
so-called Ricci formula [3, p. 26], we have 

R(X, Y, IZ, IU) - R(X, Y, Z, U) = a(VV)x,r(^, IU), (6.1) 

where in this case a: T*M <g> T*M ® A 2 T*M -> A 2 T*M ® A 2 T*M is also the 
skewing map. On the other hand, from equation ( 15. II) . it follows 

(Vxwi)(y; z) = x k (x)uj(y, z) - \j{x)u k (y, z) 

-(Y,£ X IZ) + (Y,I£ X Z). { ■ ' 
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(6.3) 



Now, taking V = V + £ into account and using repeatedly equation ( 16.21) . 
from the right side of equation (16.11) we get 

(1-I (3) I {4) )R(X,Y,Z,U) 

= ( 7J <g> uj + lK ® uk) (X } Y, Z, U) 

+ 2(a(Aj ® K£I) XtY Z, U) - 2(a(A K <g> HJ)x,yZ, U) 
+ (a(Aj ® £J) x ,yZ, U) + (a(Aj ® JOx.y^, 17) 

- (a(A* (8) f AT)*,yZ, U) - (a(A* ® K£) x , y Z, U) 

+ (a(V0i,r2, 17) + (a(V/£/)x,yZ, U) 

- (a(£ ° Ox.yZ, t/> - (7a(£ o £)x,yIZ, U) 

+ <b(f ® Z)x,yZ, U) + </b(f ® Ox,yIZ, U). 

From this identity the Lemma follows. □ 

Another projection that we need to consider is 7r ls : A 2 T*M ® A 2 T*M —> 
A 2 T*M ® given by 

7r ls (a)(X,F,Z,f/) = i- ^ (a(X,F,-,-),^ A (^). 

A=I,J,K 

Lemma 6.2. For the curvature tensor R G "Ji, the intrinsic Sp(n) Sp(l)- 
torsion £ and 7/ = dAj + Aj A A^, we nave 



(6.4) 



ir ls (R)(X,Y,Z,U) = ± Yl JA®u A (X,Y,Z,U) 

A=I,J,K 

+ £ (txei,iYA ei )u A {Z,U), 

A=I,J,K 

Ric^(X, Y) = -n lA (X, AY) - (fr ef , ^yAe;), (6.5) 
Ric^(X,F) = -n ^ 7a (X,AF)- Yl (Zxei'UrAei). (6.6) 

Proof. In equation (16.31) . we consider Z = Kei and U — ej. Therefore, we 
obtain 

4(i?(X, F, •, •), c^> = 2i2(X, F, Ke,, e,) = 4n 7i ,(X, F) - A(^ Y Ke u e,). 

Since 2 Ric^-(X, KY) = R(X, F, iTe^, ei), the equations of the Lemma follow. 

□ 
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A third projection is the map 7Ti : A 2 T*M®A 2 T*M -> A 2 T*M®A 2 ES 2 H 
defined by 71*1 = 7ri es — 7i"i s . For the curvature tensor i? G ft, we have 

-\ (A^o^ XiY AZ,U) + {b(^^) x>Y Z,U) 

A=I,J,K 

(6.7) 

Let QX be the subspace of ft such that Qft = ft fl ker^. The space 
QX can be seen as the space of possible curvature tensors of a quaternionic 
Kahler manifold. On A 2 T*M® A 2 T*M, we will consider the extension of the 
metric g = (■,■) defined by 

^O, b) Qj(&i i: Cj 2 , 6j 3 , 6j 4 )6(6j l; Cj 2 ) &izi ^m)' (6-8) 

and write QX 1 ' for the orthogonal complement of QX in ft, i.e., ft = Q!X + 
QX X . There exists an Sp(n) Sp(l)-map 

tt 2 : A 2 T*M <g> A 2 ES 2 H -> Qft x 

such that the restriction of 7T 1 - = 7r 2 o 7Ti to ft is the orthogonal projection 
ft — > Qft 1 " and the restriction of 7r 2 to the orthogonal complement of tti (ft) is 
zero. Therefore, making use of the Sp(n) Sp(l)-map 7T2, we have the following 
consequence of equation (16.71) . 

Proposition 6.3. On an almost quaternion- Hermitian manifold, the com- 
ponents ofir ± (R) in QX X are linear functions of the components o/V£ and 
£ <8> £; where V = V + £ is £/ie minimal Sp(n) Sp(l) -connection. □ 

Since there are components of R in Q3C and Qft -1 which only depend on 
the Ricci and the q-Ricci tensors, a detailed study of these tensors will refine 
the above result. 

Lemma 6.4. On an almost quaternion-Hermitian manifold, the Ricci and 
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q-Ricci curvature tensors satisfy the identities 

3Ric(X,Y) -Ric q (X,Y) 

= Yl (" 2 7a(X, AY) + (fe, UeA y ) + (ZxAY, i ei A ei )) 

A=I,J,K (6.9) 

-3(Z x Y,^e t )-4(^xY,e t ), 
3Ric= J2 (-(n + 2) lA (-,A-)-(ie i ,UAe i ) + (Z-e i Ue l A-,)) 

A=I,J,K 

+ J2 (e^,ee i Ae i )+4((V.0e i -,e i )-4((V ei e).-,e i ) (6.10) 

A=I,J,K 

-(ee l -^e i -)-3(e-,^e i )-4(^ ei ,,e i ). 

Proof. If we take Y = £/ = and write Y instead of Z in the equation of 
Lemma [6TTT we will obtain equation (16.91) . On the other hand, equation (16.101) 
is a direct consequence of equations (16. 6p and (16. 9p . □ 

The next Lemma contains an algebraic result that we will need to analyse 
the curvature tensor of a quaternionic Kahler manifold. 

Lemma 6.5. Let (V,I, J,K, (-, ■)) be a quaternionic vector space of dimen- 
sion An, n > 1. If ji, 7j and 7^ are three two-forms such that 

ll A loj = 7j A Uj, 7j A uj k = j K A uj, j K A u)j = 7/ A uj k , 

then 7^ = cuj^, for A = I, J, K , where 

2nc= (7/,w/) = (7j,Wj) = (jk,u) K )- 

Proof. If we compute the contractions 

(77 A ujj)(X, Y, Ie iy et) = (77 A Y, le;, e*), 

(7/ A wj)(X, Y, Je*, ej) = (77 A w/)(X, Y, Je i; e*), 

we will get 

2(n - 1) 7J (X, Y) + ( 7J , W/ )o;/(X, Y) 

= 7/ (X, KY) + 7 ;(M, Y) + ( 7J , ^)^(X, Y), 
2(n-l) ll (X,Y) + ( ll ,u;j)u;j(X,Y) 

= - lJ {X,KY)- lJ {KX,Y) + ( 7j ,o; J )a; / (X,Y). 
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As a consequence of these equations, Kjj = —77 and Kjj = —7,7, i.e., 77 and 
7j are ant i- Hermit ian for K. Moreover, we get the following identities 

2(n - 1)7/ + (ji,ujj)uj = 2K ( i)7j + (77,^7)07, 
2(n - 1)7.7 + ( , yj,u I )u I = -2/41)77 + 

By similar arguments, cyclically permuting J, J, /f, we obtain that 77 and 
jk are ant i- Hermit ian for J, 7^ and 77 are anti-Hermitian for J, and 

2(n - 1)7/ = 2K(i)lj + (jj, = -2J(i)lK + (lK, wk)vi, (6.11) 

2(n - 1)7j = -2^(1)7/ + (j i ,u i )ujj = 2I^yy K + (~{k,u k )uj, (6.12) 
2(n - 1)7k = -2/(1)7./ + (7,7, Uj)u K = 2J(i)li + (li, ui)u K . (6.13) 

From equations (16.131) . taking equations (16.111) into account, we have 

2(n - 1)J(i)7k = 2K (1) 'jj + ( r yj 1 u J )u I = -277 + (7/, wjjwj = 2(n - 1)77. 

Therefore ^ 

7/ = /(i)7x = 

Since by an analogous argument we also have 2wy K = {^ k ,ujk)ojk^ we find 
2ri77 = 2/(1)7^ = ('j k ,uj k )uj i . Thus (j k ,^k) = □ 

Now we give an alternative proof of the already classical result that any 
quaternionic Kahler manifold is Einstein [2J [9l [H] . In our view, in the proof 
we present here, the role played by the Sp(n) Sp(l)-structure is seen in a 
more natural way. Likewise, we also provide alternative proofs for some 
known additional information about quaternionic Kahler manifolds [TBI E] . 

Theorem 6.6. A quaternionic Kahler An-manifold M , n > 1, is Einstein, 
q-Einstein and locally Ric^- Einstein for A = I, J,K. Moreover, if R is the 
curvature of M, then 

(i) Ric = (n + 2) eg, Ric^ = ncg and Ric q = 3ncg, where 2nc = 
(77,^7) = = (jk,uk), and 77 = rfA 7 + Xj A \ K ; 

(ii) n Ra+Rb (R) = |(7r 2 + 27T 1 ), where 7r Ra+Rb is the projection 01 -> M a +M 6 ; 

(iii) R G S A E + M(tt 2 + 2ir x ) = QX. 

Proof. Since the manifold is quaternionic Kahler, we have 

dujj = Xk A luj — Aj A c<Jx, 
c/cuj = A7 A co»x — \k A u)j, 
dujjc = Aj A U7 — A7 A cjj. 



F. Martin Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 27 



Now, writing 77 = d\j + Xj A Xk, from d 2 uj = d 2 u)j = d 2 u)K = 0, we obtain 

7x A ujj = 77 A tux, 7/ A = 7x A Ui, 7j A cjj = 77 A Wj. 

Finally, using Lemma 16.51 and equations (16.51) . (I6.6P and (I6.10p . it follows 
that M is Einstein and we have part (El). 

For part (Jn]), taking Propositions 14.21 and 14.31 into account and using 
part (jij), we have 

Ric(7r Ka ( J R)) = ±(Ric(i?) + Ric q (i?)) = (2n + l)cg, 
Ric(7i Rb (R)) = |(Ric(i?) - Ric q (i?)) = -(n - l)cg. 

Now, taking Proposition I4.2KIHT1) and Proposition l4.3fJTTT|) into account, we 
obtain 

c c 
n& a (R) = ^(^2 + 67Ti), 7Tr 6 (^) = — (tt 2 - 67Tl). 

Hence part (Jn]) follows. 

Finally, writing R\ = R — n Ra+ ^ b (R), using equation (16. 3p . we have 

Rt(X, Y, Z, U) - R X {X, Y, AZ, AU) = 0, 

for A = I, J,K. From this identity it is not hard to check L a (Ri) = \2R\. 
Then, by Proposition 13. 2^ R\ e S 4 E and we have part flu!)) . □ 

At this point, we can be a little more precise about the space Q% ± . 

Proposition 6.7. For an almost quaternion- Hermitian manifold, if we de- 
note M.qoc = M(7r 2 + 27Ti), then 

(i) the orthogonal complement Mq^ o/IRqx in lR a +M;, is given by 1R q;k; x = 
E((n + 2)7r 2 - 187171"!); 

(ii) i/ie space Q3C" 1 decomposes into irreducible Sp(n) Sp(l) -modules as 

QX^ = M Q3C x + \/ 22 + (A 2 E) a + Aq-E + (A^) b + K 31 S 2 # 

+ {S 2 ES 2 H) a + V 211 S 2 H + {S 2 ES 2 H) b + A 2 ES 2 H 
+ V 22 S 4 H + k 2 ES 4 H + S 4 H; 

(hi) the component of R in M.q% is determined by R,ic(iiQx{R)) which is 
given by 

Ric(n QX (R)) = ^JryMRic) + 3vr R (Ric q )); 
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(iv) if we denote Ric Q;x; ± = Ric(7r Q;K; ±(i?)) ; the component of R in M. Q0C ± 
is determined by 7TR(Ric Q:x; x) which is given by 

7r R (Ric Q3C x) = ^Ty(vr K (Ric) - ^7r M (Ric q )). 

Proof. Part ([!]) follows by straightforward computations. In such computa- 
tions we will obtain 

(tt 2 , tt 2 ) = 36(71!, tti) = 288n(4n - 1), (n u ir 2 ) = UAn. 

We recall that the scalar product for these tensors is given by equation (16. 8p . 
Part (Jn|) is a direct consequence of part @ and results contained in some 
previous Sections. For parts (Jn]) and (Jm}, note that RicQ^ and 7TR(Ric Q;K ±) 
are the Ricci curvatures which respectively correspond to the components of 
the curvature in M(7r 2 + 2tci) and M,((n + 2)tt 2 — I8n7ti). Also for the q-Ricci 
curvatures we have 

Ric q (7r Q3C ( J R)) = ^^(^(Ric) +37r K (Ric q )), 
MRic q Q3cX ) = -ajfeMRic) - ^(Ric*)), 

where Ric^ = Ric q (7r Q3C x (R) ) . □ 

Now our purpose is to derive some further consequences of the identities 
d 2 uji = d 2 uj = d 2 uiK = 0. From equation (I6.2p . we have 

duj(X, Y, Z) = (X K Auj-XjA u K ){X, Y, Z) 

+ 6 ((Y,I£xZ)-(Y,t x IZ)). 

X,Y,Z 
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Now, since d 2 ui = and V = V + £, it is not hard to obtain 

= { lK A ujj - 7 j A u k )(X, Y, Z, U) 

+ &((Z,I(V x OyU)-{Z,(V x OyIU,)) 

Y,Z,U 

- 6 ((Z,I(V Y OxU) - (Z,(VvOxIU,)) 

x,z,u 

+ 6 ((Y,I(VzOxU)-(Y,(V z OxIU)) 

X,Y,U 

- ©«y, j(VtfO*s> - <y, (v^)x/^, )) (6 14) 

- 6 «Z,(ex/OytO-<^(^i)ytO) 

X,Y,U 

+ 6 (C, (^/Ox^) - (Y, &SI)xZ, )). 

If we respectively replace X, Y, Z, U by X, JY, Ke i: in last identity, proceed 
in an analogous way for d 2 uj and cPuk, and finally summing the obtained 
expressions, we get 

= - Yl ((2n-l)>y A (X,AY)-{> rA ,u A ){X,Y)) 

A=I,J,K 

+ &((>yj,u K )u I (X,Y)-> ri (JX,KY)) 

UK 

+ (- 2 (^ei, UyM) ~ (&X, May*) + {&X, UyM) 

a=i,j,k + (x? fa^A*) + (X, i^AeAY) + (^X, UeAY) 

+ {X,^ eiAY Ae i ) + {X, (V ei O A eAY) 
+ (X, (W ei OA Y A ei ) - (X, (VAvOeAe,)) 
+ © ((^IX^jyei) - {^JX^jyKe,) - (IX^jy^Ke,) 

UK ~ (X, I^ H K ei JY) + (ZeJX, ^ Kei JY, )) + (X, Ii Ui JY Ke % ) 
- (XJiVjyOeiKei) + (X,I(V e £)j Y K ei ) 
-(X,I{V ei t) Kei JY)). 

(6.15) 
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Now by computing the A^-components of the bilinear forms contained 
in this identity we get 

nir A 2 E ( 53 7x0, ^0) 

A=I,J,K 

= - 53 ^KlEdteiiUAei) - (£ ei -,£ Aei A-)) 



A=I,J,K 



53 *s*r-(<-,te H Ae t A-) + (-,(V ei t) Aei A-)). (6.16) 



A=I,J,K 



Note that if we compute the corresponding R-components, we will ob- 
tain MXm=/,j,^7a0>^-)) = - 1 / 2n EA=/,j,i<'(7A,^A)(-, •) as it is expected. 
Finally, computing the S^S^H-components in equation (16.15j) . we obtain 



-2(n - l)ir S 2Esm( 53 7a(-,A-)) 

A=I,J,K 

= 2ir S 2 ES 2 H ( J3 {i^hiA-Aei)) 

A=J,J,K 

53 (Ce^U-Ae^+SiCeJ-^KJei)) 

=I,J,K IJK 
=I,J,K IJK 

53 ({ ei .,AUei} + <3(te i I;JZK.ei)) 



- 7T S 2 T * 
+ TTS 2 T* 

+ ir S 2 T , 
+ n S 2 T , 

- 7T 5 2 T * 



(6.17) 



UK 



A=I,J,K 

53 (;^A.Ae t )) 



UK 



A=I,J,K 



53 (.,(V A 4) ei A ei )- 6<-,/(V J f.0e i Je i » 
53 (-, (V es OA.^> - 6 0, /(V^)*. Je,)). 



A=i",J,if 



At this point we can give a more detailed description for the components 
of the Ricci curvature tensors. In fact, from equations (16.61) and (I6.10p . using 
the identity (I6.16p . we get 



'( RicQ ) = ^ 53 (i^A^A) - ^efy^A^Ae^i;-) 



(6.18) 



A=I,J,K 
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12n7r R (Ric) = (-3(^6;,^.^) - + 8((V ei ej ei, e 3 ) 

+ J2 (2(n + 2)( lA ,iu A ) + (Z ei Ae t ,^Aej) (6 ig) 

A=I,J,K 

Taking traces gives: 
Proposition 6.8. The scalar curvature and q-scalar curvature are 

seal = 5>A,o*> + Hie33|| 2 - tHOdl 2 + ^^ll^ll 2 



A 



-UM 2 -Wkh\\ 2 + ^^Ueh 

_ 16(2n+l)(n+l) 

n. ' 



and 



(6.20) 



(6.21) 



□ 



(6.22) 



scal q = 2nJ2(lA,u JA } + \\£ 33 \\ 2 + ||6d| 2 + ll&s|| 2 

A 

-2U 3H \\ 2 -9U K h\\ 2 -IUeh\\ 2 . 

Computing the A^-components gives 
7r A 2 S (Ric q ) = - ^T*((;^ ei A ei A-) + (•, (V ei 0^A)) 

A=I,J,K 

~ Yl ^Ed^-^AeiA-)), 
A=I,J,K 

37T A 2 B (Ric) = -7r A 2 E ((^ ei ,^ ei -> +3(C-,^ ei ei) + 4(^ e ..-, e*)) 

E ^ 2T ,((.,^A ei A) + (-,(V ei 0Ae») 
A=7,J,ii" 

+ E ^^((C^-^ei^ei) + (Cei^Ae^-)) / 6>2 3) 

A=/,J,_ftT 

A^J,K n 11 

+ 4W((V.0e i -,e i )-((V ei 0--,e i ))- 
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Explicit expressions for the S 2 E S 2 H -components 7r S '2 £ . 5 2 H (Ric q ) of Ric q 
and 7T52 E5 2 H (Ric) of Ric can be easily obtained from equations (16.61) . (16.101) 
and (16.171) . Because of their sizes, we will not write such expressions, but it 
is clear that such expressions depend linearly on £ ® £ and V£. 

It remains to analyse the Ag-E^ff-component of Ric q . For this purpose, 
replace Z and U by Ie^ and in equation (I6.14p . perform analogous opera- 
tions for J and K and then add the expressions obtained to get 

= 2 ^ ( lA (X,AY)+ lA (AX,Y)) 

A=I,J,K 

+ & {{u,Uk) - (7K,Wj»w/(X,y) + {ixa^eY) - (£ yei ,£ e X> 

UK 

+ 3(£ X Y, £ ei e,) - 3(£yX, £ ei e,) + 4(X, ^yej) - 4<Y, 

a=i,j,k _ (Y; ^ e ^ X > - (£ X AY, £ ei Ae.) + (£ y AX, £ e ^> 

+ (£ ei x,£ Ae ^y) - (£ e y,£ Aei AX) + (x, (v ei £) Aei Ay) 
- <y, (v ei £W4x>) 

- 4(X, (VvOe^) + MY, (VxOe^) + 4(X, (V ei £) yei ) - 4<F, (V^e,). 

From this last identity it is straightforward to derive the A^S^i^-component 
of Ea=l 

j,k7a(-,A-) which is given by 
2vr A 2 i W 1a(X,AY)) 

A=I,J,K 

= -^A 2 ES 2 H((^xei^ ei Y) + 3(£ x Y,£ e ,ei)) 

((X,^ Yei ) + (X, (V ei £) y e,) - (X, (V y £) ei e,)) 

A=I,J,K 

- ^((X,^ Aei AY) + (X,(V et OAeAy))- 

A=I,J,K 

Therefore, using this identity and equation (16. 6p . we deduce the X^ES 2 H- 



F. Martin Cabrera & A. F. Swann: Curvature of Almost Quaternion-Hermitian Manifolds 33 



component of the q-Ricci tensor which is given by 
fvr A ^ 52H (Ric q )(X,r) 

+ 47r A 2 £5 ^((X,^ye i ) + (X, (V^)^) - (X, (VyOe,e*» 

- E **lES> H {(ixe h Ue^Y) + (£xAY, ^Ae t ) - (£ ei X, t^AY)) 

A=I,J,K 

+ J2 *A* T .((X,Z (H Ae l AY) + {X,(y 9t t) Aet AY)) 

A=I,J,K 

~n Yl ^AlEsmi^xei^AyAei)). 

A=I,J,K 

(6.24) 

Equations fl6.18p - fl6.24p and the above description of the S^S^if -com- 
ponents of Ric q and Ric give rise to the following result. Here we will follow 
the notation used in §5] writing the components of the intrinsic torsion £ as 
£ UF , for U = 3, K, E and F = 3, H. 

Theorem 6.9. Let M be an almost quaternion- Hermitian 4n-manifold, n > 
1, with minimal Sp(ri) Sp(l)- connection V = V+£. The tensors ~Y^ A {p(Ai ^a) , 
V^uf and £uf £vg contribute to the components of the q-Ricci curvature 
Ric q via equation ( 16. 6ft and to the Ricci curvature Ric via equation ( 16. 101) if 
and only if there is a tick in the corresponding place in Table lff.il □ 

Taking Proposition 16.71 (iii) and (iv) into account, using equations (16.181) 
and (I6.19P we have the following expressions which determine the curvature 
components in Mq% and IR Q3C X ) respectively, 

24n(5n+l) RicQK = (_ 3 ^ e . ; _ .->{£ _, _ ; . /"> + e o) 

+ (4(5n + 1)(j a ,uj a ) + (i ei Ae h £ ej Aej) ( 6 25) 

A=I,J,K 

+ (C ' r s ir,.h ; ) - 10(£ ei e i ,£ j4ei ^e i )))(-, ■), 
8(5 3 +1) 7r R (Ric QX ±) = (-3(£ ei ej,£ e .ej) - •'>(£,.*,•. C/ ,-> + 8((V e< £) ej .e i , e,) 

+ ((Ze,M^e :i A<'i) + (C',rCv,l',) + 2(^ et e j ^ Aei Ae j )))(; •). 

A=I,J,K 

(6.26) 
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Table 6.1: Ricci curvatures from Theorem 16.91 
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Due to Proposition I4.2l1ivl) and Proposition l4.3Klivl) . the curvature com- 
ponents in (A 2 ) E) a and (AqE)}, are determined respectively by 2RiC( A 2 B ) a = 
7r A 2 E (Ric + Ric q ) and 2 Ric( A 2 £ ) t = ^^(Ric — Ric q ). Using equations (16.221) 
and (I6.23p . we obtain the following expressions 

6 Ric (A 2 S)a = -Tr A 2 E ((Cei, C ei -) + U e i) + 4 (^--> ei)) 

_ 2(2^1) n s , T ,((.,^ Aei A.) + (.,(V e X)A ei A-)) 

A=I,J,K 



+ E KAlEiitA-^^Ae^ + ^UeA-)) 

A=I,J,K 
A=I,J,K 

+ 4W((V.e) ei -,e i )-((V ei e).-,e i )), 



(6.27) 

6Ric (A 2£ )b = -^^((^.ei,^-) + 3(^.-,^ei) +4(^.-, ei )) 

+ ^ E vr 5 2 T ,((,^ ei A) + (-,(V ei eW») 

A=I,J,K 

+ E 7r A^((^-,^ei) + (ee i ,^ ei A-)) /^ 28 s 

A=I,J,K 

+ 47r A 2 B (((V.e)e i -,e i )-((V ei e).-,e i )). 

Similarly, using Proposition I4.5lfjvi|) and (jyn]), we see that the curvature 
components in (S 2 ES 2 H) X , for x = a,b, are determined by 

RiC(5 2 SS 2 fT)a = i( Ric ^'5 2 ^+ 3R ' ic S 2 ES 2 H)' 

Ric(s ,2 J B5 2 H) b = ^(Rics 2 ^ 2 ^ — R-i c s2 £5 2 jH '), 

which can be given in terms of £ using equations (16.61) . (I6.10p and (I6.17p . 

Theorem 6.10. Let M be an almost quaternion- Hermitian An-manifold, 
An ^ 8, with minimal Sp{n) Sp(l)- connection V = V + £. 

(i) Using equations (fBTB) . fl5T0j) . (16371) . (IS^jl . (15351) . (I6T26D . (I6"37]) and 
(I6.28P eac/i o/t/ie tensors J2a=i j k (T-Ai &a), V£uf and (,uf®(,vg contributes 
to the components of R inR a +R b , (A 2 E) a + (A 2 E) b , (S 2 ES 2 H) a + (S 2 ES 2 H) b 
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and A 2 ) ES 2 H if and only if there is a tick in the corresponding place in Ta- 
ble \6.SX An entry with two ticks indicates independent contributions to both 
summands. For the modules BL, S p< f ,b l indicates that the contribution is 
a positive multiple of p(a,b) and orthogonal to q{a,b) with a = 7r 2 + 

b = 7T 2 — 6lYi . 

(ii) Taking the image it L (R) = 7r 2 o ni(R) into account, where iii(R) is 
given by equation (16.71) . each of the tensors V£,uf and £,ufQ£,vg contributes to 
the components of R in V 22 , A 4 E, V 31 S 2 H, V 2U S 2 H, V 22 S A H, A 2 ES A H and 
S 4 H if and only if there is a tick in the corresponding place in Table lUT^l □ 

A number of examples of almost quaternion-Hermitian manifolds with 
various different types of intrinsic torsion are given in Cabrera & Swann [12] . 

Corollary 6.11. On an almost quaternion-Hermitian manifold that is quater- 
nionic, i.e., £ G (A^E + K + E)H , there is no curvature in V 22 S 4 H , AqES^H 
or S A H. □ 

Corollary 6.12. If £ lies in E(S 3 H + H), then there is no curvature in V , 
AqE, V 31 S 2 H, V 2U S 2 H or V 22 S A H. □ 

Corollary 6.13. For £ G A 3 ] E(S 3 H + H) there is no curvature in V 31 S 2 H. 

□ 

Corollary 6.14. Let peM. If £ p lies in (A 3 E + E)S 3 H + (A 3 E + K)H or 
in KS 3 H and n^ a+ ^ b (R) is proportional to 2tti + tx 2 at p, then £ p = 0. □ 

The above result is a pointwise version of the following global theorem 
for compact manifolds. 

Corollary 6.15 (Bor & Hernandez Lamoneda [1]). Suppose M is compact, 
that £ G (A 3 E + E)S 3 H + (A 3 E + K + E)H and that 



(n + 2) / scal q ^ 3n / seal, 



then £ = and M is quaternionic Kdhler. 

Proof. Subtracting the right-hand side from the left, the resulting integrand 
is a sum of the form ri||£ 33 || 2 + r 2 ||^ 3 || 2 +r 3 \\£ 3H \\ 2 + r A \\£ sKH \\ 2 + r 5 \\£ EH \\ 2 + 
r 6 d*9^, with n, . . . , r 5 < 0. □ 
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4n^8 R x {AqE) x {S 2 ES 2 H) x A 2 ES 2 H 



V433 




V 


/ 


V SX3 




j 

V 


V 






/ 


/ 


V£ 3 x 


/ 


/ 


/ 


V^XX 


/ 


✓ 


/ 




/ 2k\a—k2b , 
a+b ' 


/ 


/ 


S33 <> S33 


,5kia—k2b , 
V 2a+5b V 


/ 




4X3 ® 6f3 


,k±a+k2b , / 

S 2a -b 


/ / 




4x3 ® 4~X3 
4~3X ® 43X 


,2k 1 f(n)a-k2g(n)b . 
* g(n)a+f(n)b * 
,. — 14/cia— 5fc2?> / 


/ 
/ 




C.KH C.KH 


- — 17fcia— 5fc2& ^ ✓ 
^ 10a-76 ^ ^ 


/ / 

V V 




4xx <8> 


^ 2k 1 k 2 a+h(n)b * 


/ 




433 O 4ftT3 


/ 

V 


/ 

V 


/ 

V 


433 © £-E3 


/ 

V 




/ 

V 


4*^33 ® 4^3fi" 




./ 

V 


/ 

V 


CifH 




/ 


/ 


4~33 © ^Efl" 






/ 


4^3 4X3 




/ 


✓ 


4X3 43X 




/ 


/ 


4~X3 4~XX 




// 


/ 


4x3 © 4~XX 




/ 


/ 


4~X3 © 4~3X 






/ 


4x3 © 4xX 




/ 


/ 


4x3 © 4xX 




/ 


/ 


4xX 


/ 


✓ 


/ 


4sh 


/ 




/ 


4xX © £,EH 


/ 




/ 


Table 6.2: 


Curvature complementary (I) to 5 4 -E, 4n 8, 


from 


Theorem |6. 


lOlji]). Here x = a,b, ki = n 


- 1, k 2 = 2n + 1, /( 


n) = 


n 2 + 3n + 1, #(n) = n 2 + 1, 


= (2n-l)(n + l). 
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An ^ 8 


I/ 22 




V 31 S 2 H 


V 2U S 2 H 


V 22 S 4 H 


A 2 ES 4 H 


S 4 H 










/ 




/ 










/ 


/ 


/ 


/ 
















/ 


/ 






/ 




/ 










/ 




/ 


/ 
























So3 <V S33 


/ 


/ 




/ 


/ 


/ 


/ 


S-K3 W s,K3 


/ 


/ 


/ 




/ 


/ 


/ 


A rpn 68 /-pq 












/ 


/ 


S3ii <y S3il 


/ 


/ 




/ 










/ 


/ 


/ 










£ JP ZJ 68 f TPU 
















^33 © £#3 


/ 


/ 


/ 


/ 


/ 


/ 




^33 © £.E3 




/ 




/ 




/ 




^33 © ^3H 








/ 


/ 


/ 


/ 


^33 © £,KH 






/ 


/ 


/ 


/ 




^33 © ?M 








/ 




/ 




£fiT3 © £e3 


/ 




/ 


/ 


/ 


/ 




£,K3 © ^3H 






/ 


/ 


/ 


✓ 




£,K3 © 






/ 


/ 


/ 


✓ 


/ 


£ft"3 © £,EH 






/ 


/ 


/ 


/ 




£,E3 © 








/ 




/ 




£fi 3 © £,KH 






/ 


/ 


/ 


/ 




£.E3 © Ce// 












/ 


/ 


£,3H © Cifif 


/ 


/ 


/ 


/ 








£3// © £,EH 




/ 




/ 








£,KH © £.E# 


/ 




/ 


/ 









Table 6.3: Curvature complementary (II) to S E, An ^ 8, from 

Theorem 16. 10t|TT|) . 
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A similar result was found by Ivanov & Minchev 1 10 in the special case 
of quaternionic Kahler manifolds with torsion, i.e., for £ E (K + E)H . 

Corollary 6.16. If £ E (A%E + K + E)S 3 H, then the components of the 
curvature in (h^E) a , (AqE)^, V 22 and A^E are determined by £ tensorially. 

□ 

Remark 6.17. It is necessary to say which formulae we use to derive the 
entries in Tables |67T| 16.21 and 16.31 since there are non-trivial relations between 
the tensors V£c/f and £jjf © £,vg- These relations come from the Bianchi 
identity for the curvature R when expressed in terms of the curvature R 
of V and £. The modules affected are A 2 ES 2 H, V 211 S 2 H and A 2 ES A H, 
there are two such relations for AqES 2 H and one for each of the other two 
modules. This means that one can remove two ticks or one tick, respectively, 
from the corresponding column at the cost of introducing ticks elsewhere in 
the same column. We expect to be able to derive these relations from the 
corresponding components of the equation d 2 Q = 0. 
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